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Abstract: Riverbank erosion is a common occurrence in rivers worldwide, leading to 

significant impacts on shoreline protection and the lives of people residing in affected areas. 

Scientists, experts, and engineers have devoted considerable attention to study this 

phenomenon to better understand and predict the damage caused by riverbank failures. In 

the paper, we propose a mathematical model that combines bottom erosion and riverbank 

failure mechanisms. The model incorporates high-performance GPUs (Graphics Processing 

Units) to enhance its computational efficiency and capability. It utilizes a set of equations, 

such as the Reynolds equations, sediment transport equations, and bed load continuity 

equation, to simulate the dynamics of flow, sediment transport, and changes in the riverbed. 

Additionally, the model incorporates the calculation of riverbank failure using the rotational 

failure mechanism and determines the factor of safety (FS) to assess the stability of 

riverbanks and the bank failure (BW). If the FS value is less than 1, it indicates that the bank 

is prone to failure, and such instances are recorded. To evaluate the model's reliability, a 

case study is conducted on a specific segment of the Tien River in Sa Dec City, Dong Thap 

Province. This model serves as a crucial tool for socioeconomic planning and implementing 

effective measures to prevent and mitigate the impacts of riverbank failure in the local area. 

Keywords: Bed erosion; Factor of safety; Rotational failure; River instability; Riverbank 

failure. 

 

1. Introduction 

The morphological development of river systems is the most common issue that occurs 

in all rivers around the world. There are numerous studies investigating the evolution of 

morphology in river systems that are disrupted by natural and artificial factors such as dam 

construction, channel modifications, land use changes, volcanic eruptions, etc. [1ï9]. To 

adequately describe and predict the geomorphic responses in a fluvial system, four 

components of channel change should be considered: direction, magnitude, time rate, and 
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spatial extent. Direction refers to the direction of change, such as erosion or deposition, while 

magnitude relates to the size or scale of the change. Time rate refers to the speed at which 

changes occur, and spatial extent pertains to the area over which changes occur [10ï11]. 

These four components are interdependent and influence each other in complex ways. For 

instance, the direction of change can affect the spatial extent, while the magnitude of change 

can impact the time rate. Therefore, it is essential to consider all four components together to 

develop a comprehensive understanding of channel change in a fluvial system. This 

understanding can then be used to make accurate predictions about future changes, such as 

the effects of environmental or human-induced disturbances [9ï10, 12ï14]. 

The equilibrium concept or relaxed state associated with the tendency for responses to 

disturbance explains the complexity of intrinsic and extrinsic mechanisms in the fluvial 

systems and their response [12, 15ï16]. Therefore, this precludes the development of 

empirical or experimental approaches coupled with physical-mathematical modeling, which 

are expected to simulate and predict the morphological responses of fluvial systems to 

intrinsic and extrinsic disturbances [17]. 

For the 2D hydrodynamic, sediment transport, and river morphology models, several 

widely applied and developed models exist worldwide. Some notable examples include: 

MIKE model: Developed by DHI in Denmark, this integrated model offers various tools 

and performs well in addressing river erosion problems [18]. Delft model (DELFT2D): 

Developed by Deltares in the Netherlands, this model is widely used for hydrodynamic 

simulations [19]. TELEMAC model: Initially developed in 1987 by Electricité de France 

(EDF) in collaboration with multiple research organizations, this model is widely used for 

hydraulic simulations [20]. SMS (Surface Water Modeling System): Developed by the 

Waterways Experiment Station (WES) and the Army Corps of Engineers in the United 

States, this model combines hydrodynamics and sediment transport simulations [21]. 

CCHE2D model: Developed by the author [22], this model has the capability to simulate 

two-dimensional hydrodynamic characteristics. SUTRENCH-2D model: Developed by the 

author [23], this model simulates sediment transport and bed variations under combined flow 

conditions. FLUVIAL 12 model: Developed by the author [24], this model is used for river 

flow and sediment transport simulations. Besides the mentioned models, there are also other 

software packages available, such as USTARS, developed by the author [25], etc. In 

addition, there are also several widely used software packages developed and applied in 

Vietnam, such as: F28 model: Developed by Le Song Giang, this is a 2D model (similar to 

MIKE FLOOD) that combines 1D river flow and 2D floodplain flow. It allows for the 

simulation of flow dynamics in both river channels and floodplains [26]; TREM model: 

Developed by the author [27], based on the corresponding 2D flow model by Nagata from 

Kyoto University, Japan. This model simulates 2D river channel deformation in a 

non-orthogonal curvilinear coordinate system, allowing for the determination of velocity 

distribution and riverbed changes in both longitudinal and transverse directions; 

HYDIST-GPUs model: Developed by the author [28], HYDIST-GPUs is a model capable of 

simulating 2D flow, sediment transport, and river morphology changes, etc. 

These existing models are based on the principles of dynamic equations and continuity 

equations integrated in the vertical direction. However, there are still limitations in the 

integration of bank failure calculations within the existing software packages. 

A recent approach to studying riverbank failure is using a simple dynamic risk model 

with time-varying covariates to develop an early warning model for bank failures, then 

testing the out-of-sample predictive accuracy of this model against a simpler model - the 

periodic probit model, such as used by US banking regulatory agencies [29]. To understand 

the mechanism of sudden riverbank failure, previous studies have attempted to integrate soil 

erosion processes and changes in riverbank geometry into the analysis of riverbank stability 

[30ï31]. 
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The author [32] developed a mathematical model to calculate simple bank erosion, 

which is integrated into the 2D Saint-Venant-Exner morphodynamic model (in the 

TELEMAC 2D model). The computational grid is built on a structured triangular grid and a 

finite element algorithm. The slope of each element in the grid is compared with the slope of 

the bank material. Elements with too steep slopes are determined so that the lost mass above 

the axis equals the increased mass below, thus ensuring mass balance. The model 

performance is evaluated using data from smoke tube experiments in the laboratory and the 

scale model of the Old Rhine.  

Furthermore, the author [33] conducted a numerical modeling and field monitoring 

integrated study at six specific research sites in the United Kingdom. In this study, stability 

analysis was based on the safety factor. Pore water pressure data was calculated at each time 

step in the simulation and combined with observed geotechnical data to adjust the 

mechanical effects of roots and vegetation cover. Similarly, the author [34] conducted a 

stability analysis for the waste dump slope of the WCL Makardhokara-2 open cast mine in 

Umred, Nagpur district, Maharashtra, India. In this study, slope stability analysis was 

performed using seven specific finite slope stability methods including Morgenstern's 

method, Spencerôs method, Sarmaôs method, Bishopôs method, Janbuôs method, and the 

conventional method using GeoSlope software for the waste dump slope in the 

Makardhokara area. 

In this study, we propose a simple mathematical model that combines hydrodynamic, 

sediment transport, river morphology effects and stability analysis of riverbanks. The 

HYDIST-GPUs model incorporates high-performance GPUs (Graphics Processing Units) to 

enhance its computational capabilities. It utilizes the Reynolds equations, sediment transport 

equations, and bed load continuity equation to simulate various aspects of the river system, 

including flow behavior, sediment transport processes, and changes in the riverbed. By 

leveraging the power of GPUs, the model can achieve faster and more efficient calculations, 

enabling more detailed and accurate simulations of the river dynamics. These equations are 

solved numerically to determine the stability tendency and track the behavior of suspended or 

deposited materials [28]. Additionally, cross-sections are extracted using the rotational 

failure mechanism and the factor of safety (FS) to assess the stability of riverbanks and the 

likelihood of failure (RF module). To validate the model's accuracy, a case study is 

conducted on a specific segment of the Hau River in Chau Phu district, An Giang Province. 

The results obtained from this case study demonstrate a remarkable agreement between the 

calculations derived from our model and the observed measurements, indicating the modelôs 

capability to accurately predict the stability and sediment dynamics of the riverbanks. 

2. Materials and Methods 

2.1. Study area 

The study area is the section of the Tien River passing through Sa Dec city, Dong Thap 

province, as illustrated in Figure 1. The section of the Tien River that flows through Sa Dec 

city is a typical example of a meandering river, where bank erosion has been occurring 

continuously over the past few decades at a rate of up to 30 meters per year, and sometimes 

reaching 50 meters per year [6]. The total length of the eroded bank is up to 10 kilometers and 

it has eroded more than 3 kilometers into the land. The bank erosion has destroyed many 

important structures in Dong Thap province, including roads, hospitals, schools, and 

government offices [6]. 

2.2. Material 

The bathymetry data used in the model is derived from the measurements conducted in 

2017 and water level (Z), discharge (Q) and suspended sediment (C) at ST5 (from June 6, 




