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Abstract: Riverbank erosion is a common occurrence in rivers worldwide, leading to
significant impacts on shoreline protection and the lives of people residing in affected areas.
Scientists, experts, and engineers have devotediderable attention to studthis
phenomenon to better understand and predictitimeagecaused by riverbank failures. In

the paper, we propose a mathematical model that combines bottom erosion and riverbank
failure mechanisms. The model incorporates {pgiformance GPUs (Graphics Procegsin
Units) to enhance its computational efficiency and capability. It utilizes a set of equations,
such as the Reynolds equations, sediment transport equations, and bed load continuity
equation, to simulate the dynamics of flow, sediment transport, andeshemitpe riverbed.
Additionally, the model incorporates the calculation of riverbank failure using the rotational
failure mechanism and determines the factor of safety (FS) to assess the stability of
riverbanks and the bank failure (BW). If the FS vakiess than 1, it indicates that the bank

is prone to failure, and such instances are recorded. To evaluate the model's reliability, a
case study is conducted on a specific segment of the Tien River in Sa Dec City, Dong Thap
Province. This model servesasrucial tool for socioeconomic planning and implementing
effective measures to prevent and mitigate the impacts of riverbank failure in the local area

Keywords: Bed erosionFactor of safetyRotational failure River instability, Riverbank
failure.

1. Introduction

The morphological development of river systems is the most common issue that occurs
in all rivers around the world. There are numerous studies investigating the evolution of
morphology in river systems that are disrupted by natural and artificial factrsas dam
construction, channel modifications, land use changes, volcanic eruptiongl, &fc.To
adequately describe and predict the geomorphic responses in a fluvial system, fo
components of channel change should be considered: direction, magnitude, time rate, and
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spatial extent. Direction refers to the direction of change, such as erosion or deposition, while
magnitude relates to the size or scale of the change. Time rate t@the speed at which
changes occur, and spatial extent pertains to the area over which changds @dcijr

These four components are interdependent and influence each other in camydekor

instance, the direction of change can affect the spatial extent, while the magnitude of change
can impact the time rate. Therefore, it is essential to consider all four components together to
develop a comprehensive understanding of channel ehanga fluvial system. This
understanding can then be used to make accurate predictions about future changes, such as
the effects of environmental or hummduced disturbancdsi 10, 14 14].

The equilibrium concept or relaxed state associated with the tendency for responses to
disturbance explains the complexity of intrinsic and extrinsic mechanisms in the fluvial
systems and their responf&2, 15 16]. Therefore, this precludethe development of
empirical or experimental approaches coupled with physiehematical modeling, which
are expected to simulate and predict the morphological responses of fluvial systems to
intrinsic and extrinsic disturbancgs/].

For the2D hydrodynamic, sediment transpoand river morphology modelseveral
widely applied and developedodels exist worldwide. Some notable examples include:

MIKE model: Developed by DHI in Denmark, this integrated model offers various tools
and performs well in addressing river erosion probl¢ii$. Delft model (DELFT2D):
Developed by Deltares in the Netherlands, this ehasl widely used for hydrodynamic
simulations[19]. TELEMAC model: Initially developed in 1987 by Electricité de France
(EDF) in collaboration with multiple research organizations, this model is widely used for
hydraulic simulationg20]. SMS (Surface Water Modeling System): Developed by the
Waterways Experiment Station (WES) and the Army Corps of Engineers in the United
States, this model combines hydrodynamics and sediment transport simufatipns
CCHE2D model: Developed kthe author{27], this model has the capability to simulate
two-dimensional hydrodynamic characteristics. SUTRENZIMmodel: Developed bthe
author[23], this model simulates sediment transport and bed variations under combined flow
conditions. FLUVIAL 12 model: Developed lilge authof24], this model is used for river
flow and séiment transport simulations. Besides the mentioned models, there are also other
software packages available, such WSTARS developed bythe author[25], etc. In
addition, there are also several widely used software packages developed and applied in
Vietnam, such as: F28 model: Developed by Le Song Giang, this is a 2D model (similar to
MIKE FLOOD) that combines 1D river flow and 2D floodplain flow.dllows for the
simulation of flow dynamics in both river channels and floodpliit; TREM model:
Developed bythe authof27], based on the corresponding 2D flow model by Nagata from
Kyoto University, Japan. This model simulates 2D river channel deformation in a
non-orthogonal curvilinear coordinate system, allowing for degermination of velocity
distribution and riverbed changes in both longitudinal and transverse directions;
HYDIST-GPUsmodel: Developed bthe authof28], HYDIST-GPUsis amodel capable of
simulating 2D flow, sediment transport, and river morphology changes, etc.

These existing models are based on the principles of dynamic equations and continuity
equations integrated in the vertical direction. However, there are stilafioris in the
integration of bank failure calculations within the existing software packages.

A recent approach to studying riverbafiaiure is using a simple dynamic risk model
with time-varying covariates to develop an early warning model for bankrésiluhen
testing the oubf-sample predictive accuracy of this model against a simpler maddel
periodic probit model, such as used by US banking regulatory agéagjeso understand
the mechanism of sudden riverbank failure, previous studies have attempted toesitjrat
erosion processes and changes in riverbank geometry into the analysis of riverbank stability
[301 31].
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The author[327] developed a mathematical model to calculate simple bank eyosio
which is integrated into the 2D SaiWienantExner morphodynamic model (in the
TELEMAC 2D model). The computational grid is built on a structured triangular grid and a
finite element algorithm. The slope of each element in the grid is compared wstbbeof
the bank material. Elements with too steep slopes are determined so that the lost mass above
the axis equals the increased mass below, thus ensuring mass balance. The model
performance is evaluated using data from smoke tube experiments indredapand the
scale model of the Old Rhine.

Furthermorethe author[33] conducted a numerical modeling and field monitoring
integrated study at six specific research sites in the United Kingdom. In this study, stability
analysis was based on the safety factor. Pore water pressure data was calculated at each time
step in the simulation and combined with observed geotechnical data to adjust the
mechanical effects of roots and vegetation cover. Similéinky,author{34] conducted a
stability analysis for the waste dump slogdle WCL Makardhokar2 open cast mine in
Umred, Nagpur district, Maharashtra, India. In this study, slope stability analysis was
performed using seven specific finite slope stability methods including Morgenstern's
method, Spencé method, Sarnga methal, Bishogs method, Janlis method, and the
conventional method using GeoSlope software for the waste dump slope in the
Makardhokara area.

In this study, we propose a simple mathematical model that comthipgsodynamic
sediment transport, river morpholpogffects and stability analysis of riverbankehe
HYDIST-GPUs model incorporates higierformance GPUs (Graphics Processing Units) to
enhance its computational capabilities. It utilizes the Reynolds equations, sediment transport
eqguations, and bddad continuity equation to simulate various aspects of the river system,
including flow behavior, sediment transport processes, and changes in the riverbed. By
leveraging the power of GPUs, the model can achieve faster and more efficient calculations,
enaling more detailed and accurate simulations of the river dynaifiese equations are
solved numerically to determine the stability tendency and track the behavior of suspended or
deposited material§28]. Additionally, crosssections are extracted using the rotational
failure mechanism and the factor of safety (FS) to assess the stability of riverbanks and the
likelihood of failure (RF module) To validate the model's accuracy,case study is
conducted on a specific segment of the Hau River in Chau Phu district, An Giang Province.
The results obtained from this case study demonstrate a remarkable agreement between the
calculations derived from our model and the observed measuenmglicating the modéd
capability to accurately predict the stability and sediment dynamics of the riverbanks.

2. Materials and Methods

2.1. Studyarea

The study area is the section of the Tien River passing through Sa Dec city, Dong Thap
province, as illustrated iRigure 1 The section of the Tien River that flows through Sa Dec
city is a typical example of a meandering river, where bank erosion has been occurring
continuously over the past few decades at a rate of up to 30 petgesar, and sometimes
reaching 50 meters per yday}. The total length of the eroded bank is up to 10 kilometers and
it has eroded more than 3 kilometers into the land. The bank erosion has destroyed many
important structures in Dong Thap province, including roads, hospitals, schools, and
government office§s].

2.2. Material

The bathymetry data used in theaebis derived from the measurements conducted in
2017 and water level (2), discharge (Q) and suspended sediment (C) at ST5 (from June 6,
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2018, to June 13, 2018jigure ) as part of the project titlgiDevelopment of bank erosion
numerical modebasing on HPC in connection with hydraulic model and to apply for some
river reaches of the Mekong Rivarndergr ant No. NnT. 28. KR/ 17.
The hourly water level measurements (Z) at Cao Lanh station and discharge measurements

(Q) at My Thuan station from 0@@®nN May 15, 2014, to 23:00 on December 31, 2017, were
collected fromthe Southern Region HydfMeteorological Centras boundary conditions

for the model.

Thehourlysuspended sedimeriincentration (C) at the boundaries is extracted from the
Mike 11 model of the project titledDevelopment of bank erosion numerical model basing
on HPC in connection with hydraulic model and to apply for some river reaches of the
MekongRiverdoundergr ant No . NnT. 28. KR/ 17.
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Figure 1. The section of the Tien River passes through Sa Dec city, Dong Thap province

2.3. Method

A simple mathematical model that combirigglrodynami¢ sediment transport, river
morphology effects, and stability analysis of riverbanks isH¥iBIST-GPUsmodel, which
includes the integration of the RF module. HNDIST-GPUsmodel is based on a set of
equations, including the Reynolds equations, sediment transport equations, and bed load

continuityequation29g].
2.3.1. Governing equations of theYDIST-GPUsmodel

Reynolds equations:
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horizontal velocity components in X, y direction respectively; h is static depth from the still
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water surface tothebednd ® i s the water |l evel. To simp
river, we neglect the Corlis force f and wind stressddwing, sWwind as well as wave stress
( 3w, stk in both x, y direction§2d].
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e
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Still water surfa\/ X

Figure 2. Initial static level

Sediment transport equations

Due to two types of suspension: bed load and suspended load, we define the bed load
having a thickness of a and at the elevation of z, hé&ihce:z <ih + a.

The suspendddad is defined in the water and at the elevation of z, witere+ a < z <
The minimum experimental value of a can be 0.013]. So, the deptaveraged mass
balance equation for suspended sediment will be described as follows:

oo g ph H PR W3 (4
where H is the relative depth (m)Fguegnd def
2, H = h + e The quantity S dtssanddabbes depc

calcul ated by Van R3] nés empirical equati ons:
The bed load continuity equation can be described as the following equation
1i= P h B ™
O p R 137 ™ T U 137 U
wheregpy, Gy, Standing for the rate of bed load transport in x, y directioss(m), can
be determined by experimental form{itz].

- iy ao
N T8t v 03 8A84 8$z 8 g— 6
pC S5 (6)
wheregs = (qbx, gby)

3.2.2. Riverbank failurenechanism and factor of safétyRF module

The riverbank failure will be calculated on the rotational fail§igei 37]. The
mechanism of sliding motion illustrated Figure 3is explained by the fact that bank
materials move to two directions: downward and outward along circular slip surface, and this
is common on cohesive banks walopes less than 60°. After failure, the upper slope of the
slipped block is typically tilted inward toward the bank. Rotational failures are commonly a
result of scour at the base of the bank and/or high-water pressure within the bank
material. Nornally, they will occur during rapid drawdown following high flow events.

Scar at the top of bank

_Inward-sloping step
A

\ Previous bank profile

Mean water level

Direction of
movement

Figure 3. Mechanism of rotational failurgrom Environment Agency}39]).
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The critical threshold of riverbank stability can be gifead by the FS.An FS < 1 is
indicative of instability and the bank failure. If FS = 1, these forces are exactly balanced. As
FS increases beyond tyithe slope becomes more stable.

To determme FS, it is necessary to calculate the total forces and totahent forces
acting on the sliding mass in both horizontal and vertical directions. The components used to
determine the forces and moment forces include known components and unknown
components. Hweever, there are fewer known components compared to unknown
components. In the model, the following assumptions are accepted:

Neglecting the interaction forces between slices when separating them into individual
slices: The model uses two methods: (i) Betlenius method (neglecting the interaction
forces between slices E = X = (39]; (ii) the Bishop method (neglecting the vertical
component X = 0p40].

The interaction patlocus of the point of application of the interaction force: firtcelel
uses the general Janbu method and the simplified Janbu njéthod

The inclination angle of the interaction forcehel model uses the Spenaerd the
General Limit Equilibrium (GLE) methad47].

These assumptions are made to simplify the analysis and calculation process. While they
may introduce some limitations, they allow for the estimation of the fafteafety and
provide valuable insights into the stability of the analyzed slope.

The FS includes two independent factor of safety equations; one with respect to moment
equilibrium and the other with respect to horizontal force equilibrium.

When only morent equilibrium (k) is satisfied, the factor of safety equation is:

BAr2 . G 20AT1™ %
B7@ B. £EBE7AB$A B! A
The factor of safety equation with respect to horizontal force equilibrigns(F
BArAI;O0 . G OAIAA,0 ®)
B. OET BE7A B$AD O B!

whereFn is the moment equilibrium factor of safey;is the force equilibrium factor of
safety;W is the slice weight with width b and height h [kN;is the slice base normal force
[KN]; D istheconcentrated point load [kKN§W is the horizontal seismic load acting through
the center of gravity of each slide [kKNR;is the radius of the circular slide (or the arm of the
shear force moves for any shape of the slide) fn§ the resultant force ofiater pressure
acting on the bank [kNF;is the distance from center of rotation to direction of normal force
N [m]; x is the horizontal distance from center of gravity of each slide to center of rotation or
center of moment [mE s the vertical distace from the center of each slide to the center of
rotation or center of moment [ng;is the perpendicular distance from load line to center of
rotation or center of moment [m is the perpendicular distance from the external water
force to thecenter of rotation or center of moment [mj;js the angle of inclination of the
force direction relative to the horizontal (determined in the same directiégmthe angle
between the tangent at the base and the horizontal [degrees]. Sign converdrothenlip
angle is in the same direction as thgg over al
isthe effective angle of friction [degreeiis the porewater pressure [kPag; & the effective
cohesion [kPa]b is the length of the slidig arc of the earth column [m].

The normal force at the base of the soil column is determined by summing the vertical
forces acting on each soil column. To do this, we need to know the weight forces of each soil
column (9), as well as the other vertical forces acting on them.

7 8 8 "$ OK1
ATy10

&

(9)
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where:In the moment factor of safety equation, F is equakivken N is substituted,
indicating the moment resistance. On the other hand, in the force factor of safety equation, F
is equal to Fwhen N is substituted, representing the forsstance.

3.2.3. Simulation process

The integration of the riverbank failure module with ERéDIST-GPUsmodel, referred
to asHYDIST-GPUsRF, involves a sequence of steps in the simulation process. The steps
are outlined as follows:

a) Discretization of the riverbank section

The section of the riverbank where there is a risk of erosion (simulated from the model)
will be discretized into smaller segments by cresstional perpendicular to the riverbank.
For each crossection, the modelill calculatethe safety factoFSto identify the segments
of the bank that are prone to erosiéigure 4illustrates the process of discretizing the
riverbank section for the purpose of simulating bank erosion.

N /

g a. The river bank for bank failure calculator _~ g

Cross—section i

b. The cross-sectioni is described

Depth (m)

x Foot of the river bank

N

Width b from river bank (m)

Figure 4. The process of discretizing the riverbank section for the purpose of simulating bank.erosion

The density of the crossections along the riverbank segment depends on the level of
erosion risk, and in cases where there is lowafsdrosion, the crossections will be spaced
further apart. After calculating the safety factor of each esestion, the degree of erosion
will be calculated to determine the extent of bank collapse at thatsgosen. The degree of
erosion at anydcation between two crosections in the calculation area will be interpolated
between the two crossections (using a linear interpolation method in the model).

b) Simulatingthe bank failure

After calculating the safety fact®iS for each crogssection, ifFS  Ocriich, $nen the
bank slope at that crosection isstable (not eroding), but FS < FScritical, thenthe bank
slope at that crossection is unstable and will erode. At this gpthe direction of the bank
slope will collapse inward with a width of BW. The value of BW (predicted width of bank
collapse) attheth crosss ect i on i s % mpXor e Fw Wio updategthe
grid cell adjacent to the bank positionatciesse ct i on i, i f BW < @, the
the bank cell are still preserved, and the hydraedasion model continues to use the old
topography for cal culpaittithe bask cellwil collapsB &vd &2 . A
converted into a fluid cell in the hydrodynamic flow problem. The comparison between BW
and @ I sTattlet ai |l ed i n
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Table 1. Cases in which the bank plots are collapsed in the vertical direction i

Cases The number of cell bank subsidence
0 < BW No falling
®» O BW 1 cell
2p O BW 2 cells
3p O BW

i These cases are thame as above
é

For the positions of the bank cells located between two calculated cross sections i and
i+1, the modelalso examinessimilarly to determine whether to convert those cells into
liquefied cells or keep them as they are using the method above, with BW at each position
determined by linear interpolation from the BW of cross sections i and i+1.

c) Bathymetry update

The sectiorof land that has collapsed will slide down to the foot of the bank, causing
changes in the deptialuesat this location (the top of the bank, the slope of the bank, and the
foot of the bank). These changes need to be calculated to update the depththeapdat
calculation of the dynamic hydraulics and sedimentation problem. The bank cells and slope
cells will have a decreased bed elevation (increased depth). At the foot of the bank, sediment
will be deposited, causing the bed elevation to increasee@ssd depth). The extent of the
bed elevation changes for each cell is calculated such that the volume of soil loss is equal to
the volume of sediment deposited at the foot of the bank. Choose secdtissal view to
explain this calculation. The craesectional view has been discretized into grid cells with the
same size as the flow field discretizatidfigure 5depicts a crossectional view of a
riverbank after discretization, with grid

The simulationresults will give the parametepof the sliding arc radius and the center
position O, from which the starting and ending points of the sliding arc can be determined to
find the positions of the grid cells that need to be updated for the bottom topography (such as
cells 2 to Gn Figureb).

0] R BW

1 |
1 1 The bank !
i The i [ !
5 ; Surface I

I material |
1 . | # and !
| afterriver I riverbank :
| bank ! I I

: | I' are

1 failure 1 1 !
| 1 1 eroded :

Figure 5. Riverbank crossection before and after subsidence

d) Fs safety factor

The general calculation scheme for bank erosion in the HYI@BUsRF model is
presented in detail iRigure &, in which te steps for theafety factoin the bank erosion
model are specifically presentedrigure6b. WhenFm = F, thefactor of safety is calculated
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asFS =  or F. The sequence for calculating the safety factor Fs will be programmed using
Python (suitable for GPUs) as tR& module to perform automatic calations[2€]. Then,

the RF module will be integrated with thdYDIST-GPUs model to calculate the
hydrodynamic process.

The diagram below illustrates the calculation process using two methods, Sarma and
GLE. It is easy to see that the only difference between the two methods is the formula for the
relationship between shear force (X) and normal force (E). Shear force anal harce at
each crogssection on both sides will be distinguished byshmbolsX,, Xr, B, and E.

Input data of soil:
Calculate the morphology Soil cohesion ¢ (KN/m?) Select the grid area with the O center
of river Soil inner friction angle ¢ (degree) Select center O in grid
Soil density  AkN/m?) Select R radius
Topographic feature data: Soil slicing

The cross-section topographic

L 4

Extract the cross-section

topography (which has the nisk of
river bank failure) Calculation the width, depth and slice angle b, h;, ¢,
b,
f; = —
b= o
x; : lever arm W, with O

W, =*h.by

¥

The calculation of the ability river
bank failure (*)

(Through calculation the factor of

safety FS)
A 4
The calculation of the width crack F= 2(c'Beosa; + (N — uff;) tand.cosa;) Fm X(cBiR; + (N; — ufi;)R;tand)
BW r X N;sina; — A me ¥ Wix; — Aa

LN, ( A4 ing ) - kI + Dycosan

(
X =A.E.f(x) (GLE) General Limit Equilibrium

X=c.hi+Etan¢ (Sarma formula)
eps tanp

Frn

The check for
satisfaction of
the BW value

[ Update the
topographic

Continues to calculate the
morphology
of river

Follow F,, and F;

Figure 6. (a) HYDIST-GPUsRF schemg(b) FS scheme (*)

3. Results

3.1. Theory solution

The simplest form of the Ordinary factor of safety equation in the absence of any
porewater pressures for a circular slip surface is:
BA . OAl B3

Bx OF1 B3

wherecisthecohesionNisthebase nor mal (Wcos U).

The ordinary factor of safety can be fairly easily computed using a spreadsheet. Using a
spreadsheet is of course not necessary when you Héi@ST-GPUsRF, but doing a
simple manual analysis periodically is a useful learning eserci

Consider the simple problemhkigure?. There are 14 slices numbered from left to right.
The cohesive strength is 5 kPa and the soil friction angl0 degrees.

& 3

(10



